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Based on specific properties of the partition function and of the quantum correlators we derive the
exact form of the beta function in the background gauge field method for QCD with an arbitrary
number of flavors. The all order beta function we obtain through this method has only the first two
orders coefficients different than zero and thus is equivalent to the ’t Hooft scheme.
PACS numbers: 11.10.Ef,11.15.Tk
I. INTRODUCTION
The running of the gauge coupling constant with the scale is generally computed in quantum field theories using
a perturbative approach which consists in expansion in a small parameter. In the dimensional regularization scheme
beta function for QED is known at the fourth order whereas that for QCD at the fifth one [1]-[7]. It is known that
the first two order coefficients are renormalization scheme independent whereas the next ones depend on the specific
renormalization procedure. In [8], [9] ’t Hooft introduced a procedure in which the beta function stops at two loops.
In [10]we used a semi perturbative technique to compute the beta function for QED to obtain that the beta function
stops at two loops. This method was further simplified and improved in [11] where the exact form of the beta function
for the Yang Mills theory has been determined from properties of the partition function and various correlators and
by the use of the LSZ theorem. In the present work we extend our method to the more intricate case of the beta
function of QCD with an arbitrary number of flavors. Whereas this case require more work the principles settled in
[11] remain unaltered. We determine that as in [10], [11] the all orders beta function stops at the two first orders
coefficients. Note that this result is obtained without using any Feynman diagram or expansion in a small parameter.
II. PARTITION FUNCTION FOR AN SU(N) THEORY WITH Nf FLAVORS
We start with the gauge fixed Lagrangian for an SU(N) gauge theory with Nf fermions in the fundamental
representation:
L = −
1
4
(F aµν)
2 + c¯a(−∂µ∂µ − gf
abc∂µAbµ)c
c +
∑
f
Ψ¯(iγµDµ −mf )Ψ, (1)
where,
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν , (2)
and,
Dµ = ∂µ − igA
a
µt
a. (3)
Here ta is the generator of SU(N) in the fundamental representation and for simplicity we shall consider mf = 0. We
shall work in the Feynman gauge (ξ = 1). One can express all the fields in the Fourier space:
Aaµ(x) =
1
V
∑
n
exp[−iknx]A
a
µ(kn)
Ψ(x) =
1
V
∑
m
exp[−ikmx]Ψ(km)
cb(x) =
1
V
∑
p
exp[−ikpx]c
b(kp). (4)
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2Then the Lagrangian takes the form:∫
d4xL = −
1
2
1
V
∑
n
k2nA
aν(kn)A
a
ν(−kn) +
1
V
∑
n
k2nc¯
a(kn)c
a(−kn) +
+
i
V 2
g
∑
n,m
kµnA
a
ν(kn)f
abcAbµ(km)A
cν(−kn − km)−
−
1
V 3
g2fabcfade
∑
n,m,p
Abµ(kn)A
cν(km)A
d
µ(kp)A
e
ν(−kn − km − kp)−
−
i
V 2
∑
n,m
kµn c¯
a(kn)gf
abcAbµ(km)c
c(−kn − km) +
1
V
∑
f
∑
n
Ψ¯f (kn)γ
µkµnΨf(kn) +
1
V 2
g
∑
f
∑
n,m
Ψ¯f(kn)γ
µAaµ(kn − km)t
aΨf (km). (5)
The zero current partition function has the form:
Z0 =
∫ ∏
i
∏
j
∏
m
∏
fl
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp) exp[i
∫
d4xL], (6)
where the exponent is considered in the Fourier space.
It is useful at this stage to settle some of the properties of Z0. It is known that Z0 apart from a factor in front is
given by the exponential of the sum of all disconnected diagrams:
Z0 = factor× exp[
∑
i
Vi] (7)
where Vi is a typical disconnected diagram. Since the calculation is done in the absence of external sources all Vi
diagrams are closed and contain summations over momenta (that appear in propagators or vertices) and thus do not
depend at all on any momenta. The factor in front is a product obtained from integrating the gaussian integrals
corresponding to the kinetic terms. The final result has thus the expression:
Z0 = const
∏
i
(k2i )
N2−1
∏
j
(k2j )
−d/2(N2−1)
∏
p
(γµpµ −m)
NfN exp[
∑
i
Vi] (8)
where N is coming from the Yang Mills group SU(N) and the first factor corresponds to the ghosts, the second to
the gluon fields and the third to the fermion fields.
We shall apply the same procedure as in [11] to determine whole properties of the partition function and of the
fields. First we consider the partition function in Eq. (6) and introduce in the integrand the quantity
dAaν(k)
dAaν(k)
to obtain:
Z0 =
∫ ∏
fl
∏
i
∏
j
∏
n
∏
p
∏
m
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp) exp[i
∫
d4xL] =
=
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)
dAaν(k)
dAaν(k)
exp[i
∫
d4xL] =
=
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)
d
dAaν(k)
[Aaν(k) exp[i
∫
d4xL]]−
−
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)A
a
ν(k)
d
dAaν(k)
exp[i
∫
d4xL], (9)
where
∏
fl contains separate products over flavors and colors.
The first term on the right side of the Eq. (9),∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAdµ(ki)dc¯
b(kj)dc
d(km)dΨ¯f (kn)dΨ(kp)A
a
ν(k) exp[i
∫
d4xL]Aaν(k)=+∞ −∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAdµ(ki)dc¯
b(kj)dc
d(km)dΨ¯f (kn)dΨ(kp)A
a
ν(k) exp[i
∫
d4xL]Aaν(k)=−∞, (10)
3is zero since the ǫ term in the kinetic term will lead to an exponential that goes to zero (see [11] for more detailed
explanation). Here the product satisfy the constraint: Adµ(ki) 6= A
a
µ(k)).
The second contribution leads to the result:
Z0 =
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)(−i)[−
k2
V
Aaν(k)Aaν(−k) +
3i
V 2
gkµ
∑
p
fabcAaν(k)A
b
µ(p)A
cν(−k − p)−
i
V 2
g
∑
p
pν c¯b(p)f bacAaν(k)c
c(−p− k)−
−
1
V 3
g2f bacf bde
∑
p,q
Aaν(k)A
c
µ(p)A
dν(q)Aeµ(−p− k − q) +
g
1
V 2
∑
p
Ψ¯(p)γµtaAaµ(k)Ψ(−p− k)]× exp[i
∫
d4xL]. (11)
We apply the same procedure to the partition function but this time introduce in the integrand the quantity
dΨ¯rf1
dΨ¯r
f1
,
where f is a flavor index and r is a color one. This yields:
Z0 = −i
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)×
[
1
V
Ψ¯rfγ
µkµΨ
r
f +
1
v2
∑
p
Ψ¯rf (k)γ
µpµt
a
rjA
a
µ(−p+ k)Ψ
j
f (p)] exp[i
∫
d4xL]. (12)
Here we used the fact:
− i
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)Ψ¯
r
f1(k) exp[i
∫
d4xL]|Ψ¯i
f
(k)→±∞ = 0 (13)
since the spinors fields anticommute and there is no pairing for Ψrf1(k) (there is no integration over Ψ¯
r
f1
(k)) and thus
the result is zero.
A similar procedure applied to the ghost field cc(k) leads to:
Z0 = −i
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)×
[
1
V
k2c¯c(k)k2cc(k)−
i
V 2
g
∑
p
c¯a(p)pµfabccc(k)Abµ(p− k)] exp[i
∫
d4xL]. (14)
Next we apply the operator kµ ddkµ to the Eq. (6) to obtain:
kµ
dZ0
dkµ
=
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)×
i[−
1
V
k2Aaν(k)Aaν(−k) +
2
V
k2c¯a(k)ca(−k) +
i
V 2
kµ
∑
p
Aaν(k)f
abcgAbµ(p)A
cν(−p− k)−
−
i
V 2
∑
p
kµc¯a(k)gfabcAbµ(p)c
c(−p− k) +
1
V
Ψ¯(k)γµkµΨ(k)]× exp[i
∫
d4xL], (15)
where from Eq. (8) we calculate:
kµ
dZ0
∂kµ
=
[
NfN − 2(N
2 − 1)[
d
2
− 1]
]
Z0. (16)
4III. RENORMALIZATION
In this section we shall consider all the results in section II from the perspective of renormalization. Thus the
renormalized Lagrangian is:∫
d4xLr = −
1
2
1
V
Z3
∑
n
k2nA
aν(kn)A
a
ν(−kn) +
1
V
Z1
∑
n
k2nc¯
a(kn)c
a(−kn) +
+
i
V 2
Z3gg
∑
n,m
kµnA
a
ν(kn)f
abcAbµ(km)A
cν(−kn − km)−
−
1
V 3
Z4gg
2fabcfade
∑
n,m,p
Abµ(kn)A
cν(km)A
d
µ(kp)A
e
ν(−kn − km − kp)−
−
i
V 2
Z ′1
∑
n,m
kµn c¯
a(kn)gf
abcAbµ(km)c
c(−kn − km) +
1
V
Z2
∑
f
∑
n
Ψ¯f(kn)γ
µkµnΨf (kn) +
1
V 2
gZ ′2
∑
f
∑
n,m
Ψ¯f (kn)γ
µAaµt
aΨ(km)f . (17)
where for simplicity we drop the index r from the renormalized fields.
Then Eq. (11) will become:
Z0 =
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)(−i)[−Z3
k2
V
Aaν(k)Aaν(−k) +
Z3g
3i
V 2
gkµ
∑
p
fabcAaν(k)A
b
µ(p)A
cν(−k − p)−
i
V 2
Z ′1g
∑
p
pν c¯b(p)f bacAaν(k)c
c(−p− k)−
−
1
V 3
g2Z4gf
bacf bde
∑
p,q
Aaν(k)A
c
µ(p)A
dν(q)Aeµ(−p− k − q) +
g
1
V 2
Z ′2g
∑
p
Ψ¯(p)γµtaAaµ(k)Ψ(−p− k)]× exp[i
∫
d4xL]. (18)
Eq. (12) will transform to,
Z0 = −i
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)×
[
1
V
Z2Ψ¯
r
fγ
µkµΨ
r
f +
1
V 2
Z ′2g
∑
p
Ψ¯rf (k)γ
µpµt
a
rjA
a
µ(−p+ k)Ψ
j
f (p)] exp[i
∫
d4xL]. (19)
whereas Eq. (14) yields:
Z0 = −i
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)×
[
1
V
Z1k
2c¯c(k)k2cc(k)−
i
V 2
gZ ′1
∑
p
c¯a(p)pµfabccc(k)Abµ(p− k)] exp[i
∫
d4xL]. (20)
Finally Eq. (15) will lead to:
kµ
dZ0
dkµ
=
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)×
i[−
1
V
Z3k
2Aaν(k)Aaν(−k) + Z1
2
V
k2c¯a(k)ca(−k) +
i
V 2
Z3gk
µ
∑
p
Aaν(k)f
abcgAbµ(p)A
cν(−p− k)−
−
i
V 2
Z ′1
∑
p
kµc¯a(k)gfabcAbµ(p)c
c(−p− k) +
1
V
Z2Ψ¯(k)γ
µkµΨ(k)]× exp[i
∫
d4xL]. (21)
5IV. RELATIONS AMONG THE RENORMALIZATION CONSTANTS
In the path integral formalism the two point gluon function has the expression:
〈Ω|T [Aaµ(x1)A
b
ν(x2)]|Ω〉 =
lim
T→∞(1−iǫ)
∫
dAcρdc¯
ddcedΨ¯dΨAaµ(x1)A
b
ν(x2) exp[i
∫
d4xL]∫
dAcρdc¯
ddcedΨ¯dΨexp[i
∫
d4xL]
. (22)
We apply the LSZ reduction formula in the path integral formalism and in the Fourier space:
〈Ω|T [Aaµ(p1)...A
d
ν(pm)A
b
ρ(k1)...A
e
σ(kn)]|Ω〉 ∼
∼p0i (k0j )→E~pi (E~kj )
polarization factor× const× 〈~p1...~pm|S|~k1...~kn〉
(
m∏
i=1
iZ
1/2
3
p2i + iǫ
) n∏
j=1
iZ
1/2
3
k2j + iǫ

 . (23)
In [11] we illustrate in detail how we apply this formula to the gauge and ghost terms in the relations in Eqs. (18),
(19), (20) and (21).
LSZ formula is more intricate and complicated for fermions as it can be seen from the following equation for a
process with two initial and two final fermions [12]:
out〈f |i〉in = 〈f |S|i〉 ≈
∫
d4x1d
4x2d
4y1d
4y2 exp[−ik1y1][u¯s′
1
(k1)(−iγ
µ∂µy1 +m)]β1 ×
exp[−ik2y2][u¯s′
2
(k2)(−iγ
µ∂µy2 +m)]β2 ×
〈0|TΨβ2(y2)Ψβ1(y1)Ψ¯α1(x1)Ψ¯α2(x2)|0〉 ×
[(iγµ
←−
∂ µx1 +m)us1(p1)]α1 ] exp[ip1x1]×
[(iγµ
←−
∂ µx2 +m)us2(p2)]α2 ] exp[ip2x2]. (24)
Here α1, α2, β1 and β2 are spinor indices and all momenta are on shell.
This formula is too intricate to be easily applicable to our calculations. If a†s(~p and b
†
s(~p) are the operators that
create a one particle state with charge 1 respectively -1 one can write:
a†s(~p)in → i
∫
d4xΨ¯(x)(iγµ
←−
∂ µ +m)us(~p) exp[ipx]
as(~p)out → i
∫
d4x exp[−ipx]u¯s(~p))(−iγ
µ∂µ +m)Ψ(x)
b†s(~p)in → i
∫
d4x exp[ipx]v¯s(~p))(−iγ
µ∂µ +m)Ψ(x)
bs(~p)out → i
∫
d4xΨ¯(x)(iγµ
←−
∂ µ +m)vs(~p) exp[−ipx]. (25)
Let us rewrite the first equation in (25) in the Fourier:
a†s(~p) = i
∫
d4x
∫
d4k
(2π)4
Ψ¯(k) exp[ikx](iγµ
←−
∂ µ +m)us(~p) exp[ipx] =
i
∫
d4x
∫
d4k
(2π)4
exp[ikx]Ψ¯(k)(−γµkµ +m)us(~p) exp[ipx] =
iΨ¯(p)(γµpµ +m)us(~p), (26)
The above formula is still useless as we need to express Ψ¯(~p) in terms of the other quantities. In order to solve that
we consider the sum: ∑
s
a†s(~p)inu¯s(~p) =
∑
s
iΨ¯(p)(γµpµ +m)us(~p)u¯s(~p). (27)
Knowing that the following formula holds,∑
s
us(~p)u¯s(~p) = (−γ
µpµ +m), (28)
6we obtain: ∑
s
a†s(~p)inu¯s(~p) = −iΨ¯(p)(p
2 −m2). (29)
From Eq. (29) we extract:
Ψ¯(p) = i
∑
s
a†s(~p)inu¯s(~p)
1
p2 −m2
. (30)
As stated in section II we shall take mf = 0 in all subsequent calculations.
Now we shall apply all these findings to Eq. (18). The results from applying the LSZ reduction formula for the
gauge fields and ghosts are detailed in [11]. Here we shall consider only the fermion fields. First we divide Eq. (18)
by Z0 which yields:
1 = terms that do not involve fermions+
1
Z0
∫ ∏
fl
∏
i
∏
j
∏
m
∏
n
∏
p
dAaµ(ki)dc¯
b(kj)dc
d(km)dΨ¯fl(kn)dΨfl(kp)×
(−i)g
1
V 2
Z ′2
∑
p
Ψ¯(p)γµtarA
a
µΨ(p− k) exp[i
∫
d4xL]. (31)
But the last term in Eq.(31) is just :
(−i)g
1
V 2
Z ′2
∑
p
〈Ω|T [Ψ¯(p)γµtarA
a
µ(k)Ψ(p− k)|Ω〉. (32)
Then by applying Eqs. (24) and (30) to Eq. (32) one obtains for Eq. (31):
1 = terms that do not involve fermions+ (−i)g
1
V 2
Z ′2
∑
p
1
p2(p+ k)2k2
× const
∑
s,s′
(tar )ij u¯s(~p)〈(~p, s)i;
~kǫakµ|γ
µS|((p+ k), s′)j〉us′(
−−−→
p+ k). (33)
Note that in the above equation the term in brackets actually contains the vertex function V aij which is known by the
renormalization conditions. Then one can write:
u¯(~p)V aµji γµ(t
a
r)ijus(
~p+ k) ≈
N2 − 1
2
gp2 (34)
where we used the fact that for an on shell fermion p2 = m2 and also as defined in the present work the vertex function
(V aµji = gt
a
jip
µ)contains already a compression between two fermion states. Also note that the factor
∑
p
p2
k2p2(k+p)2
in the limit of on shell states leads to a constant.
Since similar procedure (see also [11]) applies to all the fields and interaction that appear in Eqs. (18), (19), (20)
and (21) these relations will become:
1 = aZ3 + bZ3gg
2 + cZ ′1g
2 + dZ4gg
4 + gZ ′2g
2
s1 = s2Z2 + s3Z
′
2g
2
r1 = r2Z1 + r3Z
′
1g
2
x = yZ3 + zZ1 + qZ2 + uZ3gg
2 + wZ ′1g
2, (35)
where we absorbed all the constants in front of the terms in the new coefficients a, b, c, d, e, x, y, z, q, u, v, w, r1,
r2, r3, s1, s2, s3.
V. BETA FUNCTION AND DISCUSSION
In general in the dimensional regularization scheme similar relations exist also in other schemes) the renormalization
constants satisfy the Slanov Taylor identities:
g20 =
Z23g
Z33
g2µǫ =
Z4g
Z23
g2µǫ =
Z ′21
Z21Z3
g2µǫ =
Z ′22
Z22Z3
g2µǫ, (36)
7where d = 4− ǫ and µ is a parameter with dimension of mass. In the background gauge field method there is a great
simplification given by the relations:
Z1 = Z
′
1
Z2 = Z
′
2
Z3 = Z3g = Z4g. (37)
Then one can write the four relations in Eq. (35) in a more compact form:
1 = (f1 + f2g
2 + f3g
4)Z3 + f4Z1g
2 + f5Z2g
2
1 = (t1 + t2g
2)Z2
1 = (c1 + c2g
2)Z1
1 = (h1 + h2g
2)Z3 + Z1(h3 + h4g
2) + h5Z2 (38)
From the last three equations in Eq. (38) we determine:
Z3 =
(c1t1 − h3t1 − h5c1) + (c2t1 + c1t2 − h3t2 − h4t1 − h5c2)g
2 + (c2t2 − h4t2)g
4
(h1 + h2g2)(c1 + c2g2)(t1 + t2g2)
. (39)
From the first three equations in Eq. (38) we compute:
Z3 =
c1t1 + (c2t1 + c1t2 − f4t1 − f5c1)g
2 + (c2t2 − f4t2 − f5c2)g
4
(f1 + f2g2 + f3g4)(c1 + c2g2)(t1 + t2g2)
. (40)
We shall use this last equation as a constraint. Matching the order of the coefficients with those in Eq. (39) we obtain
the condition:
(c2t2 − h4t2)f3 = 0 (41)
from which we deduce c2 = h4 since none of the coefficients are allowed to be zero.
There are some coefficients in Eq. (38) that can be determined directly form the preceding defining equations.
These are those associated with the terms involving the gluon, fermion or ghost two point functions. Thus from Eq.
(21) and the subsequent versions of it (noting that h1, h3 and h5 are associated with the two point function for gluon,
ghost and fermion respectively) one can compute by simple gaussian integration:
h1 =
−4(N2 − 1)
NNf − 2(N2 − 1)
h3 =
2(N2 − 1)
NNf − 2(N2 − 1)
h5 =
NfN
NNf − 2(N2 − 1)
. (42)
Furthermore Eq. (42) leads to the following useful recurrence relation:
1− h3 − h5 = h1. (43)
Similarly from Eqs. (12) and (20) one can determine c1 = t1 = 1 for the same reasons. By substituting in Eq.(39)
the correct values for h1, h3, h5, c1, t1 the expression for Z3 becomes:
Z3 =
1 + u1g
2
1 + v1g2 + v2g4 + v3g6
, (44)
where,
u1 =
t2
h1
−
h3t2
h1
−
h5c2
h1
v1 = c2 + t2 +
h2
h1
v2 =
h2t2
h1
+ c2t2 +
h2c2
h1
v3 =
h2c2t2
h1
. (45)
8In general in the dimensional regularization scheme the renormalization constant Z3 can be written as:
Z3 = 1 +
∞∑
n=1
Z
(n)
3
ǫn
. (46)
Note that similar expression exist for any renormalization scheme by making simple substitutions for ǫ.
The beta function is defined as:
β(g2) = µ2
dg2
dµ2
= −
1
2
g3
∂Z
(1)
3
∂g
= −g4
∂Z
(1)
3
∂g2
. (47)
We identify Eq. (44) with Eq. (46) noting that the degree of divergence (given by powers in 1ǫ ) of the coefficients
u1, v1, v2, v3 is zero, one or greater than one:
[1 +
Z
(1)
3
ǫ
+
Z
(2)
3
ǫ2
+ ...][1 + v
(0)
1 g
2 +
v
(1)
1
ǫ
g2 + v
(0)
2 g
4 +
v
(1)
2
ǫ
g4 + v
(0)
3 g
6 +
v
(1)
3
ǫ
g6 + ...] = u
(0)
1 g
2 +
u
(1)
1
ǫ
g2 + ... (48)
To order 1ǫ this leads to:
Z
(1)
3
ǫ
[1 + v
(0)
1 g
2] +
v
(1)
1
ǫ
g2 +
v
(1)
2
ǫ
g4 +
v
(1)
3
ǫ
g6 =
u
(1)
1
ǫ
g2 (49)
Here,
v
(0)
1 = c
(0)
2 + t
(0)
2 +
h
(0)
2
h1
v
(1)
3 =
(h2c2t2)
(0)
h1
. (50)
Using Eq. (38) and the constraint c2 = h4 by considering simple expansion in powers of
1
ǫ one obtains that
c
(0)
2 = t
(0)
2 = h
(0)
2 = 0. Eq. (50) leads also to v
(1)
3 = 0. Then from Eq. (49) the dependence of Z
(1)
3 on the coupling
constant emerges:
Z
(1)
3 = β0g
2 + β1g
4, (51)
where β0 and β1 are coefficients independent of g
2. We thus determined the all order shape of the beta function of
QCD only by using global properties of the partition function and of the various two, three or four point correlators.
According to Eq. (47) the beta function contains only the first two order renormalization scheme independent
coefficients and is given by:
β(g2) =
dg2
d lnµ2
= −[
11
3
N −
2
3
Nf ]
g4
16π2
− [
34
3
N2 − 2
N2 − 1
2N
Nf −
10
3
NNf ]
g6
256π4
. (52)
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